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Permutation and homeomorphism groups, and minimality
The self-isomorphism groups of many mathematical objects have a very rich structure. In this section, open problems related to two instances of such self-isomorphism groups are presented, namely, the permutation group S (X) of an (infinite) set X , and the self-homeomorphism group H (X) of a Hausdorff topological space X .
A Hausdorff topological group G is minimal if it does not admit a coarser Hausdorff group topology. Minimal groups were introduced in the works of Stephenson (cf. [52] ) and Doïtchinov (cf. [25] ), independently. Initially, minimal groups were considered in the abelian case due to the famous conjecture of Prodanov that every minimal abelian group is precompact, which was confirmed and became known as the Prodanov-Stojanov Theorem (cf. [50] and [49] ). The permutation group Neither Doïtchinov nor Dierolf and Schwanengel knew at the time that ten years earlier, in 1967, Gaughan proved a much stronger statement, namely, that the topology of pointwise convergence is the coarsest Hausdorff group topology on S (X) (cf. [35, Theorem 2] and [24, 7.1.9] ). In other words, while Dierolf and Schwanengel showed that the pointwise topology is a minimal element in the lattice of Hausdorff group topologies on S (X), Gaughan proved that it is the smallest one.
Gaughan's work was discovered by Remus only in the mid-1980's. Gaughan's result was motivated by a problem Ulam posed in 1935, namely, whether there is a non-discrete locally compact Hausdorff group topology on S (N) (cf. [53] , [43, pp. 177-178] , and [24, 7.7] ). Gaughan used the aforesaid result to show that the only locally precompact Hausdorff group topology on S (X) is the discrete one.
Recall that the support of σ ∈ S (X) is the set {x ∈ X | σ (x) = x}. Let S ω (X) denote the set of permutations of X with a finite support. The following conjecture is motivated by the observation that the proof of Gaughan's result found in [24] fails to produce a similar result for subgroups G of S (X) that contains S ω (X), because [24, 7.1.5] fails for S ω (X). 
, then every T 1 topology on G that makes the multiplication (x, y) → xy and the commutator (x, y) → xyx −1 y −1 separately continuous is finer than the topology of pointwise convergence (cf. [6] ).
Let X be a Hausdorff space, and let H (X) denote the group of self-homeomorphisms of X , equipped with the compactopen topology. In general, the group operations of H (X) need not be continuous; however, there are some known cases when they turn out to be so: (1) G is zero-dimensional (i.e., profinite).
(2) There is a compact connected space X such that H (X) ∼ = G.
Is there a canonical, if not functorial, algorithm to answer the question?
The following partial answers are available in the literature:
(a) In 1958, de Groot and Wille presented a one-dimensional compact connected metric space whose self-homeomorphism group is trivial (cf. [36] ).
(b) Keesling showed that for every cardinal α, there is a space X such that
(c) Gartside and Glyn established that a positive answer applies to all metric compact groups G (cf. [34] We conclude this section with a brief history of an open problem that relates to all three classes of groups discussed here, which was solved thanks to the conference, and in fact, during the conference. If K is the one-point compactifica- 
Duality theory of abelian groups
Let G be an abelian topological group, and let G denote the Pontryagin dual of G, that is, the group of continuous homomorphisms χ : G → T equipped with the compact-open topology, where
is a group homomorphism, but it need not be continuous, open, surjective, or injective in general. If α G is a topological isomorphism, we say that G is reflexive.
Let G be an abelian topological group. For E ⊆ G and A ⊆ G, the polars of E and A are defined as Recall that an abelian topological group G is precompact if for every neighborhood U of the identity, there is a finite subset F ⊆ G such that G = F + U . It is well known that (Hausdorff) precompact groups are subgroups of compact ones, and thus they are LQC, which is necessary (but not sufficient) for reflexivity. Nevertheless, the existence of non-compact reflexive precompact groups used to be an open problem until recently (cf. [13, p. 641] ). First examples of such groups were found by Galindo and Macario (cf. [32, 6 .1]), and shortly thereafter by Bruguera and Tkachenko (cf. [10] ). The following problem is a special case of a problem due to Bruguera and Tkachenko, who asked whether there exists an infinite reflexive precompact group that is countable (cf. [10, 5.3] ). Since it is known that Z (and in fact, every abelian group of an infinite exponent) admits a non-discrete reflexive group topology (cf. [31, Theorem 1]), the assumption that the topology be precompact is essential. One says that G is subreflexive if α G is an embedding (cf. [15] ). Although in general, the evaluation homomorphism α G need not be continuous, it is always k-continuous, and thus if G is a Hausdorff k-space and LQC, then α G is an embedding, and so G is subreflexive. In particular, every metrizable LQC group is subreflexive. For every group G, its Pontryagin dual G is LQC (cf. [7, p. 2] , [11, 1] and [41, I.11] Recall that the precompactness index (also known as boundedness number) of a group G is the smallest infinite cardinal κ such that G can be covered by at most κ many translates of every neighborhood of the neutral element. Although subreflexive groups may fail to be reflexive even in the presence of completeness (and in particular, they need not be dense in their biduals), nevertheless, in several ways they are as "big" as their biduals: Subreflexivity implies that the character [15, 5.12] and the precompactness index [15, 7.6 ] of G and G coincide, and consequently, so does their weight [15, 7.7] . Thus, it is natural to inquire about the extent of this subreflexivity phenomenon, and ask how far G and G are apart for a subreflexive group, both quantitatively and qualitatively. A sequence {u n } in an abelian group A is a T B-sequence if there is a precompact Hausdorff group topology τ on A such that u n τ − → 0 (cf. [8] ). If X is a compact metrizable abelian group and u = {u n } ⊆ X is a T B-sequence, then the group s u (X) := {x ∈ X | u n (x) → 0} admits a Polish group topology (cf. [30] ); let G u denote s u (X) equipped with this topology.
Problem 2.6. (S.S. Gabriyelyan) When is G u reflexive?
Let CCAb denote the class of complete countable Hausdorff abelian groups. 
For a topological group (G, τ ), let (G, τ ) * denote the group of continuous characters (without a topology). One says that (G, τ ) is a Mackey group in a class C of topological groups if τ is the finest group topology on G in the class C with the given group of continuous characters. In other words, (G, τ ) is Mackey in the class C if for every group topology τ on G such that (G, τ ) ∈ C and (G, τ ) * = (G, τ ) * as subgroups of hom(G, T), one has τ ⊆ τ (cf. [14, 23, 5] ). Every locally compact abelian group, and in particular every compact abelian group, is Mackey in the class LQC of locally quasi-convex groups (cf. [14] ). Part (a) of the next question is asking whether compact abelian groups are also Mackey in the class of all (Hausdorff) topological groups. Hausdorff group topology η 0 on R such that (R, η 0 ) = {0} (cf. [46] ). Let η denote the product topology on K ∼ = Q/Z × R, with the standard topology in the first component, and η 0 in the second. Then
is not maximally almost periodic.
Remark 2.11. (S.S. Gabriyelyan) If (P , τ ) is a countably infinite metrizable precompact group, then P admits a strictly finer group topology η such that (P , η) is discrete and (P , τ ) * = (P , η) * as subgroups of hom(P , T) (cf. [22] ). Thus, if one replaces the requirement that K be compact in Problem 2.9(c) with "countably infinite precompact metrizable", then the answer to the problem is positive.
Subdirect products and coding theory
For a family {G i } i∈N of topological groups, let i∈N G i denote the subgroup of elements (g i ) in the product i∈N G i such that g i = e for all but finitely many indices i ∈ N. A subgroup G ⊆ i∈N G i is called controllable (or, in earlier papers, weakly controllable) if G ∩ ( i∈N G i ) is dense in G, that is, if G is topologically generated by its "finite sequences", and G is observable if G ∩ ( i∈N G i ) = G ∩ ( i∈N G i ) , where G stands for the closure of G in i∈N G i in the product topology.
Although the notion of (weak) controllability was coined by Fagnani earlier in a broader context (cf. [26] ), both notions were introduced in the area of coding theory by Forney and Trott (cf. [27] ). They observed that if the groups G i are locally compact abelian, then controllability and observability are dual properties with respect to the Pontryagin duality: If G is a closed subgroup of i∈N G i , then it is controllable if and only if its annihilator G ⊥ := {χ ∈ i∈N G i | χ (G) = {0}} is an observable subgroup of i∈N G i (cf. [27, 4.8] For U an open cover of X and x ∈ X , let ord(x, U ) := |{U ∈ U | x ∈ U }|. The space X is submetacompact if for every open cover U of X , there is a countable family {U n } of open covers of X such that U n is a refinement of U , and for every x ∈ X , there is n with ord(x, U n ) < ω. Recall It is known that every regular submetacompact C-scattered space is a D-space (cf. [47] and [42] ). The next problem aims at replacing submetacompactness with meta-Lindelöfness. 
Topological hyperextensions
Let X be a discrete space. A T 1 -space * X is a topological extension of X if the following conditions are simultaneously satisfied (cf. [9] ): (i) X is a discrete dense proper subset of * X ;
(ii) every map f : X → X has a distinguished continuous extension * f : * X → * X that satisfies the next two conditions; (iii) * (g f ) = * g * f for every f , g : X → X ; (iv) if A ⊆ X and f |A = id A , then * f |A = id A , where A = cl * X A.
One says that * X is a topological hyperextension of X if it is a topological extension, and:
(v) if f , g : X → X are such that f (x) = g(x) for every x ∈ X , then * f (ξ ) = * g(ξ ) for every ξ ∈ * X ; (vi) there exist p, q : X → X with the property that for every pair ξ, η ∈ * X , there exists ζ ∈ * X such that ξ = * p(ζ ) and η = * q(ζ ). The existence of hyperextensions as in Problem 5.1 is equivalent to the existence of Hausdorff ultrafilters over N (cf. [29] and [18] ).
Problem 5.2. (M. Forti)
Are there large cardinal hypotheses that provide Hausdorff topological hyperextensions * R of the real line R with the property that there exists ξ ∈ * R such that ξ is not in the closure of any A ⊆ R with |A| < c?
If ξ is as in Problem 5.2, then the family U ξ := {A ⊆ R | ξ ∈ A} is an irregular ultrafilter over R (cf. [17] and [18] ). A topological hyperextension cannot be compact (cf. [18] and [28] ). 
